Pancyclicity modk of claw-free graphs and K1,4-free graphs  by Cai, Xiaotao & E. Shreve, Warren
Discrete Mathematics 230 (2001) 113{118
www.elsevier.com/locate/disc
Pancyclicity mod k of claw-free graphs and
K1;4-free graphs
Xiaotao Cai, Warren E. Shreve 
Department of Mathematics, North Dakota State University, Fargo, ND 58105-5075, USA
Received 30 July 1996; revised 7 November 1997; accepted 14 October 1999
Abstract
For any natural number k, a graph G is said to be pancyclic mod k if it contains a cycle
of every length modulo k. In this paper, we show that every K1;4-free graph G with minimum
degree (G)>k + 3 is pancyclic mod k and every claw-free graph G with (G)>k + 1 is
pancyclic mod k, which conrms Thomassen’s conjecture (J. Graph Theory 7 (1983) 261{271)
for claw-free graphs. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
We use [2] for our basic notation and terminology and study graphs which have no
loops or multiple edges and let (G) denote the minimum degree of a graph G. For
any natural number k, we dene a graph to be pancyclic mod k if it contains a cycle
of every length modulo k. For two integers k(> 0) and s(>0), a cycle of length l is
called an (smod k)-cycle if l  smod k.
Dean [5] proved that every 3-connected planar graph with (G)>k is pancyclic
mod k when k = 4 or 5. Chen and Saito [3] proved that every graph G with (G)>3
contains a (0mod 3)-cycle. The work of Dean et al. [6] showed that every 2-connected
graph G with (G)>3 contains a (1mod 3)-cycle and a (2mod 3)-cycle except the
Petersen graph, K4, and K3; n. Further, a longest path=pigeon hole principle argument
can be used to show that every graph with minimum degree at least k + 1 contains a
(2mod k)-cycle. The above results imply that every graph G with (G)>4 is pancyclic
mod 3. Thus, the following conjecture of Thomassen [8] is true for k = 3.
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Conjecture 1. Every graph G with (G)>k + 1 contains a (2smod k)-cycle, where s
and k are natural numbers.
In [7] it is proven that every graph with minimum degree at least 4 contains a
(0mod 4)-cycle. Hence, the conjecture holds for k = 4.
A graph G is said to be vertex-pancylic mod k if, for every vertex v, G has an
(smod k)-cycle containing v for each s; 06s<k. We say that a graph G is H -free if
G does not contain a copy of H as an induced subgraph. By the claw we mean the
complete bipartite graph K1;3. Thus, G is said to be claw-free if it does not contain
an induced subgraph that is isomorphic to K1;3. Claw-free graphs have been a subject
of interest of many authors in the recent years. In the present paper we discuss the
pancyclicity mod k of claw-free graphs and K1;4-free graphs. The following results are
obtained.
Theorem 1. Every 2-connected claw-free graph G with (G)>k+1 is vertex-pancyclic
mod k.
Theorem 2. Every claw-free graph G with (G)>k + 1 is pancyclic mod k.
Theorem 2 implies that Conjecture 1 is true for claw-free graphs and sharpness is
guaranteed by considering Kk+1.
Theorem 3. Every K1;4-free graph G with (G)>k + 3 is pancyclic mod k.
We conjecture that the following statement is also true.
Conjecture 2. Every K1;4-free graph G with (G)>k + 1 is pancyclic mod k where
k>3.
2. A lemma and the proofs of Theorems 1 and 2
Theorem A (Chvatal and Erd}os [4]). Let G be a graph with at least three vertices.
If the connectivity number (G)>(G); the independence number of G; then; G is
hamiltonian.
Theorem B (Bondy [1]). Let G be a graph with (G) + 1>(G). Then G contains
a hamiltonian path.
We denote the number of components of a graph G by !(G), the subgraph of G
induced by S V (G) by hSi, and the neighborhood set of S in G by N (S). We simply
write N (v) instead of N (fvg) if S = fvg.
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Lemma 1. Let u be a vertex of graph G with d(u)>k+3; and P= v0v1 : : : vt ; a path
of G; with u 62 V (P) and fv0; vtgN (u)V (P). Then;
(1) either V (P)=N (u); or !(P−N (u))=1; imply that G has an (smod k+2)-cycle
containing u for each s; 06s<k + 2; and G is pancyclic mod k.
(2) !(P−N (u))=2 having two components; path vava+1 : : : vb and path vcvc+1 : : : vd;
0<a6b<c6d< t; and hfvb+1; vb+2; : : : ; vc−1gi forming a clique in G; together im-
ply that G is pancyclic mod k.
Proof of Lemma 1(2): Since fv0; v1; : : : ; va−1g [ fvd+1; vd+2; : : : ; vtgN (u); it follows
that G has cycles of length l containing u for each l satisfying (b + d − a − c +
76l6b+ d− a− c + k + 6). Therefore, G is pancyclic mod k.
Proof of Lemma 1(1): (3) As in Lemma 1(2), the proof is immediate.
The path of Lemma 1 satisfying hypotheses of either (1) or (2) is called a mod-path
with respect to u.
Proof of Theorem 1: For any vertex v in G, (hN (v)i)62, since G is claw-free.
Case 1: (hN (v)i)>1. Then, (hN (v)i)+1>(hN (v)i). By Theorem B, hN (v)i has
a hamiltonian path which is a mod-path with respect to v. By Lemma 1(1), G has an
(smod k)-cycle containing v for each s; 06s<k.
Case 2: (hN (v)i)=0. Since G is claw-free, hN (v)i consists of two disjoint cliques
H1 and H2. Now, G is 2-connected. Hence, there is a path P such that P connects H1
and H2, and v 62V (P). Therefore, G has a mod-path with respect to v. By Lemma 1(1),
G has an (smod k)-cycle containing v for each s; 06s<k. This completes the proof
of Theorem 1.
Proof of Theorem 2: Let P0 be a longest path in G with beginning vertex v. Then,
N (v)V (P0−v). If (hN (v)i)=0, then hN (v)i consists of two disjoint cliques H1 and
H2. Since P−v is connected, there is a path P1 connecting H1 and H2 with v 62 V (P1).
The rest of the proof of Theorem 2 follows the proof of Theorem 1.
3. The proof of Theorem 3
To the contrary, assume that there is a K1;4-free graph G with (G)>k + 3 such
that G is not pancyclic mod k. Let P=v0v1 : : : vt be a longest path of G, and let u=v0.
Then, d(u)>k + 3; N (u)V (P), and (hN (u)i)63, since G is K1;4-free.
Case 1: (hN (u)i)>2. Then, (hN (u)i) + 1>(hN (u)i). By Theorem B, hN (u)i
has a hamiltonian path which is a mod-path with respect to u. Thus, by Lemma 1(1),
G is pancyclic mod k, a contradiction.
For f>2, let S1; S2; : : : ; Sf, be a nonempty partition of N (u). A sub-path vava+1 : : : vb
of P is said to be a u-segment with respect to fS1; S2; : : : ; Sfg if fva+1; va+2; : : : ; vb−1g\
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N (u) = ;; va 2 Si, and vb 2 Sj, where fi; jgf1; 2; : : : ; fg and i 6= j. We simply
write a u-segment instead of a u-segment with respect to fS1; S2; : : : ; Sfg if there is no
confusion.
We obtain the following Claims 1 and 2 immediately and oer a proof of
Claim 3.
Claim 1. Any two u-segments are internally disjoint.
Claim 2. For any v 2 V (P); there are at most two u-segments which have the com-
mon end vertex v.
Claim 3. There are not three pairwise disjoint cliques in G such that N (u) is the
union of their vertex sets.
Proof: By way of contradiction, suppose that H1; H2; and H3 are pairwise disjoint
cliques of G with V (H1)[V (H2)[V (H3)=N (u). Let V (Hi)=fvi1; vi2; : : : ; vihig, 16i63.
Since N (u)V (P−u) and P−u is connected, we assume by Claim 1, without loss of
generality, that there are two internally disjoint u-segments vava+1 : : : vb and vcvc+1 : : : vd
with respect to fV (H1); V (H2); V (H3)g such that va; vc 2 V (H1); vb = v31; and vd = v21.
If either va 6= vc, or jV (H1)j= 1, then, clearly, G contains a mod-path with respect
to u. By Lemma 1(2), G is pancyclic mod k, a contradiction.
If va = vc with h1>2, say va = v11; then, since P − u is connected, there is another
u-segment veve+1 : : : vf with respect to fV (H1) − fv11g; fv11g; V (H2); V (H3)g such that
ve 2 V (H1)−fv11g; say ve=v1h1 and vf 2 fv11g[V (H2)[V (H3). Note that vava+1 : : : vb and
vcvc+1 : : : vd are also u-segments with respect to fV (H1) − fv11g; fv11g; V (H2); V (H3)g.
By Claim 2, vf 6= v11. We assume, without loss of generality, that vf = v2i for some
i; 16i6h2. Thus, the path v3h3v
3
h3−1 : : : v
3




3 : : : v
1




2 : : :
v2i−1v
2
i+1 : : : v
2
h2 is a mod-path with respect to u. By Lemma 2(2), G is pancyclic mod k,
a contradiction. This completes the proof of Claim 3.
Case 2: (hN (u)i) = 1.
Let v0 2 N (u) such that !(hN (u) − fv0gi)>2. Then !(hN (u) − fv0gi)63 since G
is K1;4-free.
Subcase 2.1: !(hN (u)− fv0gi) = 3.
Let H1; H2; and H3 be components of hN (u)− fv0gi. Then, Hi, 06i63, is a clique
in G, since G is K1;4-free.
If at least one of hV (H1) [ fv0gi, hV (H2) [ fv0gi, and hV (H3) [ fv0gi is a clique,
say hV (H1) [ fv0gi is a clique, then the existence of the three cliques H2; H3, and
hV (H1) [ fv0gi contradicts Claim 3. Thus, there is ui 2 V (Hi) with uiv0 62 E(G) for
each i, 16i63. Hence, the induced subgraph hfu; u1; u2; u3; v0gi is isomorphic to K1;4,
a contradiction.
Subcase 2.2: !(hN (u)− fv0gi) = 2:
Let H1 and H2 be components of hN (u)−fv0gi with V (Hi)=fvi1; vi2; : : : ; vihig, 16i62.
Since G is K1;4-free, at least one of H1 and H2, say H1, is a clique. We assume,
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without loss of generality, that P0 = v0v21v
2
2 : : : v
2
f is a longest path in hV (H2) [ fv0gi
with beginning vertex v0.
If f= h2, then hN (u)i has a hamiltonian path, which is a mod-path with respect to
u. Thus, G is pancyclic mod k, a contradiction.
Suppose f<h2. Note that f>2.
Claim 4. N (fv22; v23; : : : ; v2fg) \ fv2f+1; v2f+2 : : : v2h2g= ;.
Proof: By way of contradiction, suppose that v2i v
2
j 2 E(G) for some i and j, 26i<f,
and f + 16j6h2. By the maximality of P0, fv2f; v2j ; v2i−1g is an independent set
of G. Hence fv11; v2f; v2j ; v2i−1g is also an independent set of G, which contradicts
(hN (u)i)63. This completes the proof of Claim 4.
Clearly, hfv22; v23; : : : ; v2fgi and hfv2f+1; v2f+2; : : : ; v2h2gi are cliques since G is
K1;4-free. Then, either hfv21; v22; : : : ; v2fgi or hfv21; v2f+1; v2f+2; : : : ; v2h2gi is a clique, say
hfv21; v22; : : : ; v2fgi is a clique.
If at least one of hfv0; v2f+1; v2f+2; : : : ; v2h2gi, hfv0; v21; v22; : : : ; v2fgi, and hV (H1)[fv0gi, is
a clique, say hV (H1)[fv0gi is a clique, then the existence of the three cliques hV (H1)[
fv0gi, hfv21; v22; : : : ; v2fgi, and hfv2f+1; v2f+2; : : : ; v2h2gi contradicts Claim 3. Therefore, there
are u1 2 V (H1), u2 2 hfv21; ; v22; : : : ; v2fgi, and u3 2 hfv2f+1; v2f+2; : : : ; v2h2gi such that
fu1; u2; u3g \ N (v0) = ;. Therefore, u2 6= v21, and, thus, by Claim 4, u2u3 62 E(G).
Hence, the induced subgraph hfu; u1; u2; u3; v0gi is isomorphic to K1;4, a contradiction.
Case 3: (hN (u)i) = 0.
Then, 26!(hN (u)i)63. If !(hN (u)i) = 3, then, since G is K1;4-free, the three
components of hN (u)i are all cliques contradicting Claim 3. Hence, !(hN (u)i) = 2.
Let H1 and H2 be two components of hN (u)i with V (Hi) = fvi1; vi2; : : : ; vihig, 16i62.
Clearly, at least one of H1 and H2 is a clique, say H1. Thus, there is a u-segment
vava+1 : : : vb connecting H1 and H2 with va 2 V (H1), say va = v11, and vb 2 V (H2),
say vb = v21. We assume, without loss of generality, that the path P
 = v21v
2
2 : : : v
2
f
is a longest path in H2 with begining vertex vb. Replacing the longest path P0 of
hV (H2) [ fv0gi of Subcase 2:2, we obtain in a similar manner that f<h2, and that
hfv21; v22; : : : ; v2fgi and hfv2f+1; v2f+2; : : : ; v2h2gi are cliques, which, with H1, contradicts
Claim 3. This contradiction completes the proof of Theorem 3.
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